
113 Class Problems: Ideals and Homormorphisms

1. Let C[x, y] be the ring of polynomials in two variables with complex coefficients. For
example 2x2y − 4x + 9y + 3 ∈ C[x, y]. The addition and multiplication are given by
the usual addition and multiplication of polynomials. Prove that the following map is a
homomorphism:

φ : C[x, y] → C
f(x, y) $→ f(0, 0)

Give an explicit description of the kernel.

Solutions:

2. Let R be a ring and I ⊂ R an ideal. We say I is a proper ideal if I ∕= R. Prove the
following:

I is a proper ideal of R ⇐⇒ I ∩R∗ = ∅.
Solutions:
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3. Let R be a commutative ring and x ∈ R. Define the subset

(x) := {rx|r ∈ R} ⊂ R

(a) Prove that (x) is an ideal. Any ideal of this form is called principal.

(b) Prove that (x) is proper if and only if x /∈ R∗.

(c) (Hard) Give an example of a commutative ring R and an ideal I, such that I is not
principal, i.e not of the form (x) for some x ∈ R. Carefully justify your answer.

Solutions:

4. Let I, J be ideals in a commutative ring R.

(a) Prove that I ∩ J is an ideal.

(b) Let
I + J := {x+ y|x ∈ I, y ∈ J}.

Prove that I + J is an ideal.

Solutions:
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